Abstract. We give a sufficient condition on totally disconnected topological graphs such that their associated topological graph algebras are purely infinite.
This paper is organized as follows. In Section 2, we give a background review on topological graph algebras and state the main theorem of [10] . In Section 3, we prove our main theorem, that is Theorem 3.11, which is a sufficient condition giving rise to purely infinite topological graph algebras. In Section 4, we give some remarks on our main theorem.
Preliminaries
Throughout this paper, all the topological spaces are assumed to be second countable; and all the topological groupoids are assumed to be second countable. Our work in this article utilizes the Hilbert module, the C * -correspondence, and the Cuntz-Pimsner algebra machinery. These materials can be referred to [8, 13, 15, 16] , etc. This paper also involves groupoids, groupoid C * -algebras, which can be found in [17] .
2.1. Topological Graph Algebras. In this subsection, we recap some background about topological graphs and topological graph algebras from [4, 10] .
Definition 2.1. Let T be a locally compact Hausdorff space. Then T is said to be totally disconnected if T has an open base consisting of compact open subsets of T .
Definition 2.2 ([4, Definition 2.1]).
A quadruple E = (E 0 , E 1 , r, s) is called a topological graph if E 0 , E 1 are locally compact Hausdorff spaces, r : E 1 → E 0 is a continuous map, and s : E 1 → E 0 is a local homeomorphism. In addition, E is said to be totally disconnected if E 0 , E 1 are both totally disconnected.
Definition 2.3 ([4])
. Let E be a topological graph. For x, y ∈ C c (E 1 ), f ∈ C 0 (E 0 ), e ∈ E 1 , and for v ∈ E 0 , define (x · f )(e) := x(e)f (s(e)); (f · x)(e) := f (r(e))x(e); and x, y C 0 (E 0 ) (v) := s(e)=v
x(e)y(e).
Then C c (E 1 ) is a right inner product C 0 (E 0 )-module with an adjointable left C 0 (E 0 )-action. Its completion X(E) under the · C 0 (E 0 ) -norm is called the graph correspondence associated to E. The Cuntz-Pimsner algebra of X(E), which is denote by O(E), is called the topological graph algebra of E.
is a homeomorphism with respect to the subspace topologies.
Define some useful subsets of E 0 as follows. Define
regarded as a subspace of the product space
Define the finite-path space E * := ∞ n=0 E n with the disjoint union topology. Define the infinite-path space
Denote the length of a path µ ∈ E * ∐ E ∞ by |µ|. A finite path µ ∈ E * \ E 0 is called a cycle if r(µ) = s(µ). The vertex r(µ) is called the base point of µ. The cycle µ is said to be without entrances if r −1 (r(µ i )) = {µ i }, for i = 1, . . . , |µ|. On the other hand, the cycle µ is said to have entrances if there exists 1 ≤ i ≤ |µ| such that r −1 (r(µ i )) = {µ i }.
Definition 2.4 ([4, Definition 5.4])
. Let E be a topological graph. Then E is said to be topologically free if the set of base points of cycles without entrances has empty interior. . Let E be a topological graph. Define the boundary path space to be ∂E := E ∞ ∐ {µ ∈ E * : s(µ) ∈ E 0 sg }. For a subset S ⊂ E * , define the cylinder set by Z(S) := {µ ∈ ∂E : there exists α ∈ S, such that µ = αβ}. Define a locally compact Hausdorff topology on ∂E to be generated by the basic open sets E is said to be cofinal if for any µ ∈ ∂E, Orb + (r(µ))
Remark 2.7. The cofinality for topological graphs is a generalization of the cofinality for directed graphs (see [11, 12] ). Let E be a directed graph, the cofinality of E means that for any v ∈ E 0 , and for any µ ∈ ∂E, there exists ν ∈ E * , such that 
2.2.
Groupoid C * -algebras. In this subsection, we state one of the main theorems of [10] .
A topological groupoid is called a locally compact groupoid if its topology is locally compact Hausdorff. A locally compact groupoid is said to beétale if its range map is a local homeomorphism.
Let Γ be a locally compact groupoid and let N ⊂ Γ. Then N is called an s-section if s| N : N → s(N) is a homeomorphism with respect to the subspace topologies; N is called an r-section if r| N : N → r(N) is a homeomorphism with respect to the subspace topologies; and N is called a bisection if s| N , r| N are both homeomorphisms with respect to the subspace topologies. 
Define the unit space Γ 0 := {(t, 0, t) : t ∈ T }. For (t 1 , n, t 2 ), (t 2 , m, t 3 ) ∈ Γ(T, σ), define the multiplication, the inverse, the source and the range map by
Define the topology on Γ(T, σ) to be generated by the basic open set
where . Let E be a topological graph. Define the boundary path groupoid to be the Renault-Deaconu groupoid
The following theorem is a special case of [10, Theorem 7.6].
Theorem 2.11. Let E be a topological graph. Then O(E) is isomorphic to the groupoid C * -algebra C * (Γ(∂E, σ)).
Sufficient Conditions of Purely Infinite Topological Graph Algebras
Definition 3.1 ( [20] ). Let A be a C * -algebra. Then A is said to be purely infinite if every nonzero hereditary C * -subalgebra of A contains an infinite projection.
We firstly prove the following two technical lemmas.
Lemma 3.2. Let E be a topological graph. Fix an open set U ⊂ E * , and fix a compact
Proof. We prove the first statement. Write µ = αβ where α ∈ U.
then it follows directly from the above construction. 
which is a compact subset of E 1 . Then there exists e ∈ r −1 (s(V )) such that e / ∈ F . Take an open neighborhood W ⊂ E 1 of e which does not intersect with F . Let Lemma 3.5. Let T be a locally compact Hausdorff space and let σ : dom(σ) → ran(σ) be a partial local homeomorphism. Then the Renault-Deaconu groupoid Γ(T, σ) is essentially free if and only if the set {t ∈ T : t, σ(t), . . . are distinct } is dense in T .
Proof. It is straightforward to see.
Definition 3.6. Let E be a topological graph. Then E is said to be essentially free if the boundary path groupoid Γ(∂E, σ) is essentially free.
The following proposition is a generalization of [11, Lemma 3.4] .
Proposition 3.7. Let E be a topological graph. Then E is topologically free if and only if E is essentially free.
Proof. First of all, suppose that E is not essentially free. We aim to show that E is not topologically free. Since E is not essentially free, there exists a nonempty open set N ⊂ ∂E which does not intersect with {µ ∈ ∂E : µ, σ(µ), . . . are distinct } due to Lemma 3.5. For each 0 ≤ p < q, define a closed subset of ∂E to be B p,q := {µ ∈ ∂E : 
We may assume that n = 0. Let
[4, Proposition 2.8] assures that for each α ∈ W there exists µ ∈ Z(W ) such that µ = αβ. We then conclude that s(W ) is an open subset of E 0 consisting of base points of cycles. We claim that s(W ) consists of base points of cycles without entrances. Suppose not, for a contradiction. We obtain two infinite paths αβ, αβ ′ ∈ Z(W ), where α ∈ W, β 1 = β 2 .
which is a contradiction. Hence s(W ) is an open subset of E
0 consisting of base points of cycles. Therefore E is not topologically free.
Conversely suppose that E is essentially free. Suppose that E is not topologically free, for a contradiction. By Lemma 3.5, the set {µ ∈ ∂E : µ, σ(µ), . . . are distinct } is dense in ∂E. By 
. Let E be a topological graph. Then E is said to be locally contracting if the boundary path groupoid Γ(∂E, σ) is locally contracting. Definition 3.10. Let E be a topological graph and let v ∈ E 0 . Then v is said to connect to a cycle if there exists u ∈ E 0 such that v ∈ Orb + (u) and u is the base point of a cycle.
The following theorem is a generalization of partial results from [11, Theorem 3.9] . Then E is essentially free and locally contracting. Hence O(E) is purely infinite.
Proof. Since every cycle of E has entrances, E is topologically free. So E is essentially free by Proposition 3.7.
We claim that E 
is a nonempty open subset of E 0 . Since B is dense in E 0 , there exist µνeβ, µναeβ ∈ ∂E such that µ ∈ U, α is a cycle, and e = α 1 . We may assume that |µν| > 0 (the case |µν| = 0 would follow a similar argument). Take a compact open
Define a compact open bisection of the boundary path groupoid Γ(∂E, σ) by
By Theorem 2.11, O(E) is isomorphic with C * (Γ(∂E, σ)). Since E is essentially free and locally contracting, [1, Proposition 2.4] gives O(E) is purely infinite.
Corollary 3.12. Let E be a totally disconnected topological graph such that O(E) is simple. Suppose that there exists a cycle µ with entrances such that any open neighborhood N of µ contains an open neighborhood U of µ with r |µ| (U) ⊂ s |µ| (U). Then E is essentially free and locally contracting. Hence O(E) is purely infinite.
Proof. Since O(E) is simple, by Theorem 2.8 E is topologically free. By Proposition 3.7 E is essentially free. Fix v ∈ E 0 and fix an open neighborhood V of v. Since O(E) is simple, by Theorem 2.8 E is cofinal. So 
Moreover, E is said to be contracting at a vertex v ∈ E 0 if Orb 
tracting. Hence E is contracting and the assumption of Theorem 4.2 is satisfied.
Yeend in [22] showed that topological 1-graph C * -algebras coincide with topological graph algebras (see also [10] ). Later, Renault, Sims, Williams, and Yeend in [19] provided a sufficient condition for simple compactly-aligned topological higher-rank graph C * -algebras to be purely infinite. In the following we interpret their condition in the topological graph setting and present their result. . Let E be a topological graph. Suppose that O(E) is simple and that for any v ∈ E 0 , there exist n ≥ 0 and an open subset U of E n satisfying that v ∈ r(U) and s(U) is contracting in the sense of Definition 4.5. Then O(E) is purely infinite.
The disadvantage of this theorem is that in order to prove the pure infiniteness of a topological graph algebra, one has to check the contracting condition for every vertex.
Overall, both criteria of Katsura and Renault-Sims-Williams-Yeend for topological graph algebras being purely infinite relies on the assumption of the given topological graph algebras being simple. Our approach does not but pay the price that we have to assume that the starting topological graphs are totally disconnected.
Finally, we consider a compact totally disconnected topological graph E such that the range, source map are surjective and O(E) is simple. Schafhauser recently proved that O(E) is finite if and only if the source map is injective (see [21, Theorem 6.7] ). On the other hand, it is hard to get a completely graphic characterization for O(E) to be purely infinite. However, by combining the recent work of Brown, Clark, and Sierakowski in [2] and the work of Kumjian and Li [10] , we are able to reduce the problem by only considering the projections on the vertex space. More precisely, O(E) is purely infinite if and only if every nonzero projection on C(E 0 ) is infinite.
